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Abstract. Self-interacting walks and polygons on the simple cubic lattice undergo a collapse
transition at theg-point. We consider self-avoiding walks and polygons with an additional
interaction between pairs of vertices which are unit distance apart but not joined by an edge of
the walk or polygon. We prove that these walks and polygons have the same limiting free energy
if the interactions between nearest-neighbour vertices are repulsive. The attractive interaction
regime is investigated using Monte Carlo methods, and we find evidence that the limiting free
energies are also equal here. In particular, this means that these models have thepsame

in the asymptotic limit. The dimensions and shapes of walks and polygons are also examined
as a function of the interaction strength.

1. Introduction

Linear polymers in dilute solution appear to undergo a sudden collapse from an expanded coil
form to a compact ball when the temperature is decreased. This has been detected by light
scattering measurements of the radius of gyration [1, 2] and by viscosity measurements [3].

A model which has become standard for investigating this phenomenon is a self-avoiding
walk on a regular lattice with an additional interaction between pairs of vertices of the walk
which are unit distance apart but not joined by an edge of the walk. In two dimensions
this model has been investigated by transfer matrices [4], exact enumeration [5-8], Monte
Carlo methods [9, 10], and by a combination of techniques [11]. The corresponding model
in three dimensions has been studied by exact enumeration [12,13] and by Monte Carlo
methods [14-18].

An interesting extension of this problem is to ask if the topology of the polymer has
an effect on the collapse behaviour. The simplest case to investigate is a ring polymer,
which can be modelled as a (self-avoiding) polygon on a lattice. This model has been
investigated by Maes and Vanderzande [19] using exact enumeration and series analysis for
the square lattice, who found that rings and walks collapse at about the same temperature.
See also [20].

In this paper we investigate the corresponding problem on the three-dimensional simple
cubic lattice. In three dimensions there are additional interesting effects since polygons
can be knotted [21]. Here we concentrate on comparing the behaviour of walks with
the behaviour of the set of all polygons, without regard to knot type. The plan of the
paper is as follows. In section 2 we prove that polygons have a limiting free energy
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(i.e. the thermodynamic limit exists) at all temperatures for both attractive and repulsive
interactions. When the interaction is repulsive we prove that the limiting free energy for
polygons is identical to that of walks, at all temperatures. This proof does not extend to
attractive interactions and we study that regime, in section 3, using Monte Carlo methods.
We present results consistent with the limiting free energies of walks and polygons being
equal at all temperatures for attractive interactions. In section 3 we also present results
about the dimensions and shapes of walks and polygons in the attractive regime. Section 4
contains a summary and discussion of our results.

2. Rigorous results on free energies

Let Z3 be the simple cubic lattice whose vertices are the integer poinf&®jrand with
edges between vertices which are unit distance apartn-8tep self-avoiding walks an
ordered sequence af + 1 vertices such that the first vertex is the origin, neighbouring
pairs of vertices in the sequence are unit distance apart and all vertices are distinct. We
often usewalk to mean self-avoiding walk. A walk and any translation of the walk form an
equivalence class and we also use walk as a shortharedjivalence class of self-avoiding
walkswhen it is not likely to cause confusion.

An n-step self-avoiding circuitn-SAC) is an(n — 1)-step self-avoiding walk whose first
and last vertices are unit distance apart, and the additional edge between these two vertices.
Any cyclic permutation of am-SAC is also am-SAC, and so is the reverse permutation and
all cyclic permutations of the reverse permutation. The resulting seh of-2acCs which
originate from a givem-SAC can be regarded as a single geometrical object, which we call
ann-step (self-avoiding) polygon. Tw-step polygons are equivalent if one is a translation
of the other. We also use the word polygon for an equivalence class of polygons, when no
confusion is likely to arise.

A contactis a pair of vertices of the walk or polygon which are unit distance apart, but
which are not incident on a common edge of the walk or polygon. We wjitee) and
p.(m) for the numbers of self-avoiding walks and polygons witledges andn contacts.
We shall be interested in the partition functions

Zn(ﬂ) = ch(m) eﬁm (21)

and
Z3(B) =) pam)e. (2.2)

B = 0 corresponds to the pure walk and pure polygon problems (i.e. the infinite temperature
limit), B < O corresponds to repulsive interactions between pairs of verticesg and

to attractive interactions. We expect a phase transition from a coil to a ball form for some
positive value off.

Theorem 2.1The limit
lim n~tlog z%(B) = F°(B) (2.3)
exists for allg < oo.

Proof. For a given polygon define thip vertexto be the vertex with lexicographically
largest coordinates and thmttom vertexo be the vertex with lexicographically smallest
coordinates. Let(x;, y, z1) be the coordinates of the top vertex, afd, yy, zp) the
coordinates of the bottom vertex. The top vertex has two edges incident on it, which are also
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Figure 1. Polygons used in the concatenation construction.

incident on vertices at two of the three poinis — 1, yt, z1), (xt, vt — 1, zt), (xt, i, 2t — 1).

If the edge (xt, yi, zt) — (xt, yt — 1, z¢) is an edge of the polygon we call this thep

edge and say that the polygon has a top edge of type 1. Otherwise we call the edge
(xt, vt z0) — (xt, Yrms> 2t — 1) the top edge of the polygon, and say that the polygon has a top
edge of type 2. Similarly the edgey, yb, zb) — (xn, Yo + 1, zp), if it exists, is thebottom
edgeand the polygon has a bottom edge of type 1, otheniigeys, zb) — (Xb, Yb, 2b + 1)

is the bottom edge of the polygon, and the polygon has a bottom edge of type 2. We can
concatenate a polygon whose top edge is of yge = 1, 2) and a polygon whose bottom
edge is of typeb (b = 1, 2), through one of the four polygons shown in figure 1. In each
case we delete four edges and add twelve edges, so that the net increase is eight edges. In
addition we create six new contacts. This gives the inequality

Pus8(m +6) = Y py, (m1) pun, (m — my). (2.4)
my
Since the number of polygons is exponentially bounded, it follows immediately [22] from
(2.4) that the limit

lim n~tlogz° = F° (2.5)

n—oo

exists. 0

Theorem 2.2For all 8 < oo the limiting free energyF°(B) is a convex and continuous
function of 8, with non-decreasing left and right derivatives.
Proof. Z2(8) is monotonically increasing i and, since it is a polynomial ine it is
continuous and bounded in any closed intervaBinTherefore to prove that lagJ(B) is a
convex function ofg it is sufficient [23] to show that

log Z2(B1) + log Z3(B2)

2

Using Cauchy’s inequality we have

Z3(BOZY(B) =Y palmy) €Y " p,(ma) €272

2
> (Z P (m) e(51+ﬂ2)m/2)
m

=[22((B1r + B2)/2] 2.7)

and, after taking logarithms, this establishes (2.6). Since the limit (when it exists) of a
sequence of convex functions is itself convex, this establishesAhgt) is convex (and
bounded above for finit@). It is therefore continuous and has left and right derivatives at
every 8 < oo. Moreover, both derivatives are non-decreasing functiong [#3]. O

> logZ,((B1+ B2)/2). (2.6)

In order to prove results about the limiting free energy of self-avoiding walks we need
some subsidiary lemmas about unfolded walks. We witey;, z;),i = 0, ..., n for the
coordinates of vertex in ann-step self-avoiding walk. A self-avoiding walk isunfolded
if xo < x;,Vi >0 andx; < x,,Vi < n. Similarly, we define a walk (witlm > 2) to be
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(x z)-unfoldedif xg < x; andzp < z;,Vi > 0 andx, > x; andz, > z;, Vi < n. We write
c,,(m) (c,,(m)) for the number ofc-unfolded (x, z)-unfolded)n-step walks withn contacts,
and define the partition function

Z}(p) = ZcT (m) €™ (2.8)

with a similar definition on,%(ﬁ).
We have the following lemmas about the free energies of unfolded walks.

Lemma 2.3The limiting free energies

Fi(8) = lim n"*log Z () (2.9)
and

FHpB) = n|Lmoo,fl log Z*(B) (2.10)
exist for all B < oo.

Proof. Clearly Z,(8) < 6'eé®" son~'logZ}(B) is bounded above for ap < co. Two
unfolded walks can be concatenated by identifying the first vertex of one walk with the last
vertex of the other walk. This gives the inequality

clm) =Y " el (myeh_,,(m —my) (2.12)

my

since no new contacts are formed in the concatenation, and not all unfolded walks can be
obtained by this construction. Now multiply both sides I etake logarithms and divide

by n, and letn — oco. The existence of the limiting free enerdy (8) follows immediately.

The argument for the existence of the limit in (2.10) is essentially the same. O

We next prove that the limiting free energy for walks exists fox 0.

Theorem 2.4For all 8 < 0, the limit lim,_..,ntlog Z,(8) = F(B) exists andF(B) =
Fi(B) = FH(B).

Proof. Let C, be the set ofu-step self-avoiding walks, and let, be the set ofn-step
x-unfolded walks. Unfolding defines a surjection frof to Cl. However, at most
e°" members ofC, map to the same member afl [24] Number the members of
C,i=12...,cy, and the members af} I =1,2,...,ch. Suppose that unfolding maps
the ith member ofC, to thel(i)th member ofc,f. Letm(i) be the number of contacts in
theith walk in C,, and letm(I(i)) be the number of contacts in tti&)th member ofC}.
Clearly

m(l(i)) < m() (2.12)
so that
ehm < ghml®) (2.13)

forany 8 <0
Since any unfolded walk is a walk

Z(B) < Zu(B) . (2.14)
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Moreover,

Cn

Z,(B) = ch(m) efm — Z efm®

i=1
Cp L‘L
< ghml) < PWm b
igl: =1
_ O(ﬁ)zi(ﬁ) (2.15)
for any B < 0. After taking logarithms, dividing by: and lettingn tend to infinity, this

(together with (2.14)) implies thaF(8) = F'(B). Using a similar argument we can show
that

FHB) = F'(B) (2.16)
for all B < 0, and this is a key ingredient in the proof of the following lemma. |

Lemma 2.5The limiting free energies of polygons and, z)-unfolded walks are related by
the inequality7°(8) > F*(B) for B < 0.

Proof. The set ofn-step(x, z)-unfolded walks can be divided into subsets according to the
value of theheighth = z, — zo of the walk. There are no more thansuch subsets, which
we call C,i,(h), h=1,...,n, whereh is the height of the members of the subset. Let the
number of members ofﬁ(h), which havem contacts, be,:';(m, h) and define the partition
function Z}(8,h) = Y, ci(m, h) €™,

For a given value o, let i, = h,(8) be the smallest integer such that(s, h,) >
Zﬁ(ﬁ, h) for all . We define ann-loop as ann-step self-avoiding walk such that
X0 < x; < x,, Vi andzg = z, < z;, Vi # 0,n. Let the number of:-loops withm contacts
be 1,(m), with corresponding partition functio#! (8) = 3", 1,(m) €®". Concatenating a
member ofC; (h,), with a second (not necessarily different) member, reflected in the plane
x = x,, gives a loop with 2 edges, so that

low(m) =Y " ch(ma, ho)ch(m —ma, hy) . (2.17)

Hence

I 2
2o, "

Z5.(B) = ZE(B, ho)? > (

In a similar way one can split loops into classes and concatenate in pairs to form polygons,
giving the inequality

2

Z3,(B) =2 (Zi(zﬂ)) . (2.19)
Therefore

FB) = FH(B) (2.20)
which completes the proof. d

Next we give an inequality between walks and polygons.

Theorem 2.6.

lim in n~tlog Z,(B) = F°(B) (2.21)

for all values ofB. In particular, forg < 0, F°(8) < F(B).
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Proof. Each polygon can be converted to a walk by deleting the bottom edge, and assigning
a direction. This reduces the number of edges by one, and increases the number of contacts
by one, so that

Cnfl(m + 1) > pn(m) (222)

and the result follows after multiplying both sides b¥”e summing overm, taking
logarithms, dividing byz, and lettingn go to infinity. |

Corollary 2.7. The limiting free energies of walks and polygons are equal fogadl O.

Proof. This follows immediately from lemma 2.5 and theorems 2.4 and 2.6. O

We next explore the consequences of an additional hypothesis, whose validity we shall
test numerically in the next section. If we assume that the mean number of contacts in
a (large) polygon is at least as large as the mean number of contacts in a walk, then we
can prove that the limiting free energy for walks exists, and that it is equél°to This
hypothesis seems to be a very reasonable one since polygons are expected to have a smaller
radius of gyration than walks, and so are expected to be more ‘compact’, and therefore to
have more contacts. The condition is easily checked numerically, and this theorem will play
an important role in our interpretation of the numerical evidence presented in the following
section.

In order to state the theorem we need some additional notation{rl)gtbe the mean
number of contacts for am-step walk (where we suppress thalependence), and l¢iz)¢
be the corresponding quantity for polygons. Clearly

dlogZ,(B)
m), = T

with a similar relation for(m)°. Let F, = n=tlog Z,(8) and F? = n=1log Z°(B).

(2.23)

Theorem 2.8If (m)? > (m), for all sufficiently large evern and for all 8 > 0, then
lim,_  F, = F exists andF = F° for all 8.

Proof. Since (m)? > (m), then F,(8) — F?(B) is a non-increasing function ¢f. Hence,
forany g > 0,

F,(0) — F(0) > F,(B) — F(B) . (2.24)
Letn — oo, giving

F(O0) — F°(0) = limsupF,(8) — F°(B) (2.25)

n— 00

where we have made use of theorem 2.1. But by corollary 2.1, we knowiitat= F°(0),
S0

limsupF,(B) < F°(B). (2.26)

n—00

This, together with theorem 2.6, implies the existence of the limij ligg 7, (8), and that
it is equal toF°(B). O
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3. Monte Carlo simulation of walks and polygons

3.1. Numerical methods

In this section we describe the numerical techniques which we use to estimate
thermodynamic and metric properties of walks and polygons for pogtivEhe numerical
simulation of interacting walks by a Monte Carlo algorithm was discussed in [18], and
we use similar methods for polygons. In particular, two novel implementations of the
Metropolis algorithm were used for walks, nameigbrella samplingand multiple Markov

chain sampling These algorithms were implemented on an underlying Markov chain
realized by a hybrid algorithm acting on the state space of walks or polygons. The hybrid
algorithm was composed of a pivot algorithm for walks or polygons [25, 26] and a Verdier—
Stockmayer algorithm [27] enriched by crankshaft moves. The pivot algorithm operates
well in the expanded phase, but we found that the local algorithm is essential in shortening
autocorrelations in the strongly interacting regime [18].

Umbrella sampling is achieved by sampling from @mbrella distribution which we
choose to cover the Boltzmann distribution(s) from which we are interested in sampling [28].
The only parameter in the partition function (2.1) is the interaction strefigtiuhich can
also be thought of as an inverse temperature. Our aim is to estimate ensemble averages at
fixed temperatures. The umbrella distribution is chosen not only to cover the Boltzmann
distribution of interest, but also to extend to higher temperatures where the mobility of
the Markov chain is increased, so that we avoid ‘quasi-ergodicity’ problems [29] in our
simulation. In addition, we can compute ensemble averages at any temperature covered
by the umbrella distribution. In order to define the umbrella distribution, we define the
following distributions by the generic functional

me=Y_w(p)eH® (3.2)

J

wherew(g) is a weighting factor which we must choose to define the umbrella, and where
m(k) is the number of contacts in the polygon (or walk) labelledkbyin terms ofr; we

define our umbrella distribution af = >, 7. The set{g;} is chosen to cover the range

we wish to cover in a single run. The elements of this set cannot be too far apart if we want
to have adequate sampling, and not too close either, since the exponentials are expensive
in computer time. The main advantage of this form for the umbrella distribution is that the
weights can be estimated from excess free energies estimated in some other way. Loosely
speaking, we wish to sample equally from every distributiorilin We can achieve this

by adjusting the weighting factors such the¢g;) Y, ’™® is independent of;, and we

can conveniently put it equal t89(0), the partition function at infinite temperature (or zero
interaction strength). Now sinck, €% = z2(g;) = e'f ), where F?(B) is the free
energy of a polygon withe vertices, we can solve for the weighting factors to find

w(p;) = e " FE)-FO) (3.2)

The umbrella distribution can be implemented Metropolis-style on the underlying
(symmetric) hybrid algorithm by assigning a weightto each conformation. Note that the
weighting factors are exponentials of relative free energies of the walks or polygons; hence,
we need to have good preliminary estimates of these in order to find a suitable umbrella.
On the other hand, if a suitable umbrella is used, then one can compute improved weighting
factors, and thus more accurate relative free energies.

The multiple Markov chain algorithm [30] is similarly implemented on the hybrid
algorithm above. In this case, we sample Metropolis-style for a Boltzmann distribution
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at some fixed temperature. A number of these Markov chains are realized in parallel at a
sequence oB-valuesg; < 82 < --- < B,, and we allow the chains to interact (by possibly
exchanging conformations) as follows. Select two chains at (8aghd 8;;1 with uniform
probability. A trial move is an attempt to swap the two current conformations of these
chains. If o, (B) is the probability of the statg in the chain af8, andS; and S;, are the
current states in thgth and(j 4+ 1)th chain, then we accept the trial move (and swap

and S;+1) with probability

(3.3)

r(S;, Sj+1) = min (1, Ps;a(B))Ps, (ﬂj+1)> _

Ps; (ﬁi)psjﬂ(ﬁj-kl)

The whole process is itself a Markov chain, which we call doenposite Markov chain
Since the underlying Markov chains are ergodic, so is the composite Markov chain, and
the composite chain is in detailed balance since the ‘swap’ move as well as the moves
in the underlying chain are in detailed balance [18, 30]. Consequently, the invariant limit
distribution is the product distribution of separate Markov chaing,at > < -+ < B,.

3.2. Numerical results: thermodynamic properties

In this section we report our numerical estimates of a variety of properties of both polygons
and walks, and we include results both from umbrella sampling and from multiple Markov
chains. In obtaining results by umbrella sampling we made use of preliminary estimates
of the free energies by multiple Markov chain sampling [18], in order to form preliminary
estimates of the weighting factors, and the weighting factors were then improved iteratively.

Table 1. Peak positions of the heat capacity estimated by multiple Markov chains and by
umbrella sampling, for both walks and polygons. The error bars are one standard deviation.

n mmc walk umbrella walk  mmc poly umbrella poly

300 Q400+0.020 Q397+0.010 Q375+0.030 0400+ 0.015
400 0380+ 0.010 0383+0.012 Q367+0.022 Q373+0.015
500 Q370+0.010 Q375+0.012 Q0358+0.011 0363%+0.020
600 Q370+0.010 0366+0.011 0355+0.025 Q358+0.015
800 (0356+0.015 Q350+0.010 Q3504+ 0.025

1200 0340+0.010 Q334+0.010 0338+ 0.020

1600 0329+ 0.010 0330+ 0.010

In order to compare the results from umbrella sampling and from multiple Markov
chains, we report in table 1 our estimates of the peak positions in the heat capacity as
a function ofn, for both walks and polygons. Typically the umbrellas used were made
up from 100 Boltzmann contributions, and we used between 10 and 20 parallel Markov
chains in the multiple Markov chain sampling. For polygons, the agreement between the
results using the two methods is excellent upzte= 600 but, for larger values of, we
were unable to construct adequate umbrella distributions, and the corresponding estimates
were less reliable. Hence, for values mfgreater than 600 we rely on multiple Markov
chain estimates for properties of polygons. For walks, we were able to construct good
umbrella distributions for < 1200 but not for larger values af. Forn = 1600 we rely
on estimates from multiple Markov chains. The estimates given here for walks are in some
cases improvements over the values reported in [18].

The peak positions decrease to smaller value® aén increases both for walks and for
polygons, as shown in figure 2. The rate of change is controlled by the cross-over exponent
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Figure 3. The locations of the heat capacity peaks foiFigure 4. The difference in the relative free

walks (e) and polygongo) extrapolated against/l/n.  energies of polygons and walksF{(8) — F°(0)] —
[F.(B) — F,(0)], as a function of g, for n =
200 (), 400 (A), 800 (o), 1200 (e).

¢ which we believe has mean-field vaIée[Sl, 32] in three dimensions for both walks and
polygons. Assuming this value, and ignoring a possible log correction, we can extrapolate
the peak positions to infinite, as shown in figure 3, obtaining

0.2779+ 0.0041 for walks

= (3.4)
0.2782+ 0.0070 for polygons.

®
These values are consistent with walks and polygons collapsing at the same vaue of
Results in two dimensions [19, 33] are also consistent with this transition occurring at the
same value of the interaction parameter for walks and polygons.

We next examine directly the difference between the free energies for walks and
polygons as a function op. In figure 4 we plot F?(8) — F?(0)] — [F.(8) — F,(0)]
againstg for several values of. The difference in the relative free energies decreases as
n increases, consistent with the limiting free energies being equal for all valugs o6
test this idea further we make use of theorem 2.8, proved in the previous section. There we
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Figure 5. The ratio of the mean number of contactsFigure 6. The maximum value of the ratio of the
for polygons and walks as a function @f for n = mean number of contacts for polygons and walks,
200 (0), 400 (A), 800 (o), 1200 (e). extrapolated against/1/n.

showed that if the mean number of contacts for polygons is at least as large as the mean
number of contacts for walks, at gl > 0, for n sufficiently large, then the limiting free
energies are equal. We test this condition numerically by plottimg /(m), againstg for
several values of, in figure 5. These results clearly support the validity of the hypothesis,
and therefore the equality of the limiting free energies.

If the limiting free energies are equal, then the rdtig¢/(m), must approach unity as
n increases, for alB. In figure 6 we extrapolate the maximum value(af)’ /(m), over all
positive 8 against ¥./n. The intercept is about.02 and supports the scenario described
above.

3.3. Numerical results: metric properties

We now turn to a consideration of the radii of gyration of polygons and walks as a function
of n andpB. We have computed the mean-square radii of gyrati§(8)2) and(s?(8)?), for
walks and polygons, respectively, using both multiple Markov chain and umbrella sampling
for n < 600. The agreement between the two sets of estimates is excellent. For larger
values ofn we rely largely on estimates from multiple Markov chain sampling.

In figure 7 we show theg8 dependence ofS, (8)2) and (S¢(8)?) for n = 800. We note
the strong dependence ghconsistent with collapse of both walks and polygons for large
positive 8, and the fact that the radii of gyration of walks and polygons become almost
equal forg sufficiently large.

We expect that

(3.5)

(S2(B? _ A%(B) < B?(B) — B(B) )
= 1 .

SB2 A U s T
for B < Be. We have estimated the amplitude rati6(0)/A(0) at 8 = 0, and our estimate

is 0.5384+ 0.006, in good agreement with previous series estimates [34, 35], and with a
first-ordere calculation [36].
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At the critical point = Se we expect [32] that

(Sr(l)(ﬂ)z) Ay ( B¢ — Be )
e = 149 7P 4 ). 36
(Sx(B)?) Ag + Inn + (3.6)

In figure 8 we plot(S?(8)?)/(S,(B)?) evaluated ap = 0.28 against 1Inn. The behaviour
is quite linear, supporting the logarithmic behaviour of the correction term, and we estimate
the amplitude ratio to be.879+ 0.003.

In the collapsed regime the way in which the limiting behaviour is approached is not
so clear and we simply plot the ratio of the radii of gyration,fat= 0.45, against: in
figure 9. It seems likely that the ratio is going to unity and, certainly, the limiting value is
greater than about 0.98.

We have also computed the radii of gyration tensors, and their eigenvalugsi, >
A3, and we show in figure 10 the ratias)/(A1) for both walks and polygons, as a function
of g for n = 600. At smallg the walks are more aspherical than the polygons, as expected.
This asphericity decreases gsincreases, and the asphericities approach one another at
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0.4

0.3

01+

0 : ") Y S 0f4 : Figure 10. The g dependence ofAz)/(r1) for walks
(lower curve) and polygons (upper curve) for= 600.

larger values of.

4. Summary and discussion

In this paper we have considered the thermodynamic and metric properties of interacting
self-avoiding walks, and interacting polygons on the simple cubic latéiée,In section 2

we showed that the limiting free energy of polygons exists, fogalt oo, and is a contin-

uous and convex function ¢f. For walks we have shown that the corresponding limiting
free energy exists fo < 0 and is equal to that of polygons. In addition, we showed that

if the mean number of contacts for polygons is at least as large as the mean number of
contacts for walks (for all positivg andn sufficiently large), then the limiting free energy

for walks exists for positives and is equal to that of polygons. In particular, this would
imply that if walks and polygons collapse, they do so at the same temperature. Although
we are unable to establish the validity of this additional hypothesis, we regard it as being
likely to be true, since it seems closely related to the fact that polygons have a smaller
radius of gyration than walks.

In section 3 we briefly described the two sampling techniques used in our Monte
Carlo study of this problem. We presented evidence that the hypothesis described above is
satisfied, providing strong evidence that the limiting free energies are equal. The behaviour
of the heat capacities strongly supports the existence of a collapse transition, and we have
estimated its location. We also examined the behaviour of the radii of gyration as a function
of n and 8, and of the shape rati@.3)/(11). We estimated the ratio of amplitudes for the
radii of gyration for polygons and walks and our estimate is in good agreement with previous
work at 8 = 0. At the critical point we see evidence of a logarithmic approach to the
limiting behaviour, and form an estimate of the corresponding amplitude ratio. Similarly,
in the collapsed phase, we present evidence that the amplitude ratio is close to unity, and
examine the rate of approach msncreases.

It would be very interesting and useful to establish rigorously the validity of the auxiliary
hypothesis used in section 2.
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